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1. INTRODUCTION

The history of graph colouring originates from the Four-Color Problem, which was first proposed by
Francis Guthrie in 1852. Guthrie, a student at University College London, observed that any map of regions in
England could be colored using at most four colours, ensuring that no two adjacent regions shared the same
color [1].

The map coloring problem remained formally unsolved until the 20th century. Eventually, Kenneth
Appel and Wolfgang Haken rigorously proved the Four-Color Theorem in 1976 with the aid of a computer [2].
This proof was the first in the history of mathematics to rely heavily on computation, initially sparking
controversy as it could not be manually verified by humans within a reasonable timeframe.

Graph coloring is an important and actively researched topic within graph theory, particularly in the
context of vertex coloring. Vertex coloring of a graph G is defined as a mapping c: V(G) - {1,2,3, ..., k}
assigning different labels (colors) to vertices so that no pair of adjacent vertices shares the same color (i.e.,
c(u) # c(v) whenever vertices u, v € V(G) are adjacent). A graph G is said to have a k-coloring if exactly k
distinct colors are used. The minimum number k for which a valid vertex coloring exists is known as the
chromatic number of graph G, denoted by y(G). Thus, the chromatic number y(G) represents the minimal set
size of colors required for proper vertex coloring.

Figure 1, the graph G, consists of three vertices, thereby implying y(G1) < 3. Similarly, graph G,
has 4 vertices, resulting in y(G2) < 4. Since both G, and G, are complete graphs (every vertex is adjacent to
all other vertices), we must also have y(G1) = 3 and y(G2) = 4. Consequently, it follows that y(G1) = 3and
x(G2) = 4.
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Figure 1. Vertex coloring.

Researching the chromatic number of graphs remains an interesting and popular topic in graph theory
research. Several previous studies have examined the chromatic number in various contexts. Fundamental
concepts of graph coloring and chromatic numbers were discussed in [3]. Dynamic coloring concepts in graphs
and their implications for dynamic chromatic numbers were explored in [4]. In [5] investigated dynamic
chromatic numbers across various classes of graphs and established related bounds. Reference [6] analyzed the
corona product of graphs and its effects on the Gutman index and degree distance, both related to graph
coloring. S. Jahanbekam [7] focused on r-dynamic coloring in graphs and determined the r-dynamic chromatic
numbers for various graph types. The r-dynamic chromatic number and related bounds and characterizations
for specific classes of graphs were discussed in [8]. Characteristics and coloring of wheel graphs and gear
graphs were examined in [8]. Ainun et al. [9] have shown that addressed the Welch-Powell algorithm for graph
coloring applications in course scheduling.

Further applications of the Welch-Powell algorithm for scheduling courses and assistants using graph-
coloring concepts were explored in [10]. Abdy et al. [11] discussed constructing dual graphs of wheel graphs
and determining their chromatic numbers. Kristiana et al. [12] studied the chromatic number of vertex-edge
weighted coloring for corona products of path graphs with various other graphs. Recent research examining
the chromatic number of graphs is as follows. Chromatic number of graphs specifically (Ps, HVN)-free graphs
in [13], chromatic number of heptagraphs in [14], chromatic number of (n, m) graphs, (Ps, Diamond)-Free
Graphs, and Locating-Chromatic Number of Graphs in [15], [16], and [17]. As discussed in [18], refined
estimations for the chromatic number can be derived by examining specific properties of cycles in graphs. The
structural properties of graphs containing multiple odd-length cycles have been explored in [19], providing
insights into their chromatic complexity. The influence of different cycle lengths on the chromatic number has
been extensively analyzed in [20], offering theoretical bounds relevant to this study.

A cycle graph is a simple undirected graph consisting of n vertices connected in a closed path, where
each vertex has degree two. It is denoted by C,, with vertex set V = {v,, vy, v3, ..., .} and edge set E =
{(vy, v2), (W, v3), (W3, V), ..., (Wp_1, 1), (v, v1)}. A boOK graph By, is a graph formed by k triangles that share
a common edge, resembling a book with k pages hinged at a single spine. Extending these concepts, a cycle
book graph B, », consists of m cycles of length n that share a common edge, combining the regularity of
cycles with the layered structure of book graphs.

An equivalent definition of the cycle book graph was introduced in [21] as a graph consisting of m
cycles sharing a common path P, . Prior studies have examined various parameters of this graph, such as metric
and partition dimensions [22], and partition dimension specifically for the case n = 3 and m > 4 [23]. While
the chromatic number of general book graphs has been previously examined, such as in [24], studies
specifically focusing on the chromatic number of cycle book graphs remain limited. This research aims to
investigate and characterize the chromatic number of cycle book graphs to enrich the current understanding of
their coloring behavior.

2. RESEARCH METHOD

This research used a literature review as the research method from journals and research on chromatic
number on graphs. The following provides the basic concepts needed in the construction of the concept of
ideal. The cycle books graph is a graph consisting of m copies cycle C,, with the common path P,.

2.1. Literature Review on Cycle Books Graph

The research begins with a comprehensive literature review focusing on graph coloring and, more
specifically, on cycle book graphs, denoted by B¢, ,,. This step involves studying existing research, journals,
books, and mathematical resources that discuss chromatic humbers and structural properties of cycle-based
graphs. Through this review, the structure and characteristics of cycle book graphs are understood in
preparation for deeper theoretical analysis.

To support the analysis, several theorems related to graph coloring are reviewed. These include: The
chromatic number of cycle graphs, The Four Color Theorem, Brooks’ Theorem, The properties of bipartite
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graphs and chromatic bounds. These theorems serve as foundational tools for reasoning about the chromatic
behavior of cycle book graphs.

2.2. Formulation of Theorem
Based on the observations and analysis of the structure of B, ,,,, a main theorem is proposed regarding

its chromatic number. The theorem expresses the chromatic number X(Bcn,m) as a function of the parity of n
(whether n is even or odd).

2.3. Determination of the Chromatic Number

To prove the theorem systematically, the problem is analyzed under two cases: when n is even number
and when n is odd number. This division into cases allows for the application of appropriate coloring strategies
based on the structural characteristics of the graph in each case, ensuring a more precise and well-directed
proof.

After constructing valid coloring functions for both cases and verifying the correctness through
adjacency conditions, the chromatic number of B, is determined: When n is even, two colors suffice (y =
2) and When n is odd, three colors are required (y = 3). These results confirm the theorem and complete the
proof through theoretical analysis. The general flow of this research is outlined in the following diagram.

Research Method

Study cycle book graphs

l

l

[ Formalize a theorem

l

Divide into cases

|
l l

[ Case 1: neven ] [ Case 2: n odd J

| |
l

Determine the chromatic
number

Discuss related theorems ]

Figure 2. Research Method Scheme

3. RESULTS AND ANALYSIS

This section discusses the chromatic number of cycle books graphs. A cycle books graph consists of
several copies of a cycle graph connected by a common path P,. Figure 3 illustrates graph B, ,,,, which consists
of multiple copies (specifically m copies) of cycle C; with a common path P,.

Ve,
V1,1 Vs 1
V21 Vg1
V31
LZ%1 Um,1
UC

2

Figure 3. Graph B¢,

The chromatic number y(G) of a graph G is defined as the minimum number of colors required to
color the vertices such that no two adjacent vertices have the same color. In this section, we determine the

chromatic number of the cycle books graph, denoted as )((Bcn‘m). To determine the chromatic number of cycle
books graphs, several theorems related to the topic will be discussed. The following theorems will be used in
proving the chromatic number of cycle books graphs.
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Theorem 1. [25] A graph G has chromatic number y(G) = 1 if and only if it is an empty graph.

Theorem 2. (Brooks’ Theorem) [26]. Let G be a connected undirected simple graph with maximum degree
A(G). Then y(G) < A(G) unless G is a complete graph or an odd cycle, in which case: y(G) = 4(G) + 1.

Theorem 3. (The Four Color Theorem) [27]. Every map in a plane can be colored using no more than four
colors, such that no two regions that share a common boundary segment (not just a point) have the same color.
Formally, for any planar graph G, x(G) < 4.

In this section, we present the chromatic number of the cycle books graph, which is established in the following
theorem.

Theorem 4 Let B¢, ., be a cycle books graph, where n > 3, and n,m € N. The chromatic number of B¢, is
given by:

_(2,ifnis even,
X(Beym) = { 3,if nis odd.

Proof.

The graph B, has an ordered vertex set given by V = {v,,, v, } U {v11, V12, V13, ., V1n} U
{V21, V22, V23, s Van} U{V31, V32, V33, 0o, V3 } U {Vin1, Vi 2 Vmzs o» Umn ). The edge set E of the graph
B, m is ordered as follows:

{(UCZ' Vcl)} U {(Vcl' V1,1): (U1,1' 171,2): (Ul,z: 171,3): ey (vl,n—li Vl,n)' (Ul,n' Ucz)}
U {(Vcl: 172,1): (U2,1: Vz,z)' (Uz,z’ 172,3)' Ry (Uz,n—p Vz,n)' (Vz,n' ch)}

U {(Vcl: 173,1): (V3,1: 173,2)' (Vs,z’ 173,3); Ry (Vs,n—p 173,n)' (Vs,n: ch)}

Y {(vcl' vm,l)' (vm,D 17m,2)' (Um,z' vm,S)x LR (vm,n—1: 17m,n): (Vm,n' ch)}
Suppose B, », is a cycle books graph consisting of m cycles, each having a common edge, and each

cycle containing n vertices, with conditions n = 3, m = 2, and n,m € N. We divide the proof into two cases
based on the parity of n.

Case 1. Forn is even. To determine the chromatic number for this case, define the coloring function
c:V(vmn) = {1,2} by assigning colors alternately to each vertex, according to the ordering of connected
vertices, as follows.

Ve, > Lo, 2 2,011 > L0y 22,0132 Lvy > 2,015 2> Lvge2 2,00 22,

Ve, > L0, 2 2,050 2 L0y 2 2,053 2 1,04 2 2,055 2 1,062 2,00, V5, = 2,

Ve, 2> LU, @ 2,031 2 Lvgy 2 2,033 > Lvg, 22,0352 Lvgg > 2,..,03, 22,
vC

, = 1, Ve, O 2,Vm1 2 Ly 2 2,032 LUga 2 2,05 > LUy 2,0, > 2

It can be observed that each vertex is adjacent only to vertices with different colors; thus, this coloring
is valid. From the coloring function defined above, it is clear that two colors are sufficient to color this graph.
Hence, we have established that y(Bc, ) < 2. To determine the lower bound of the chromatic number, we
use Theorem 1, which states that a graph has chromatic number y(G) = 1 if and only if it is an empty graph.
Clearly, the graph B¢, n, is not empty, implying that x(Bc,,,) = 2. Thus, we conclude that for even n,
X(Bc,m = 2. An illustrative example for this case, showing the chromatic number of the graph B¢ g, is
presented in Figure 4.

Figure 4. The chromatic number of the graph B, ¢
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Case 2. For n is odd. Consider the graph B, ,, with n vertices, where n is an odd integer. In this
case, it will be shown that X(BCn,m) = 3. Figure 5 provides an example showing the chromatic number of
the graph B, 6.

Figure 5. The chromatic number of the graph BC7’6

To prove this case, assume the coloring initially follows the same pattern as in Case 1, defining the
coloring function c: V(Um,n) — {1,2}, assigning colors alternately to each vertex along the ordered connected
vertices as follows.

Ve, 2 Lo, 22,010 2 L1, 22,013 L2 2,052 Lvgg—2,..,0, 2,
Ve, @ LU, 2 2,051 2 Ly, 22,053 2 Lvy, 2 2,055 2 Lvye 2 2,05, 2 1,

Ve

, = 1, Ve, 2,031 2 Lvzp; = 2,033 > 1,034 2 2,035 > 1,034 2 2,..., 03, 2 1,

Ve, 2 LU, 2 2,01 2 Lo 2 2,Vm3 = Lvgs 2 2,Vms 2 LVne 2 2, ., Uppn = L.

With the above coloring, since n is odd, after assigning colors up to vertex n — 1, we return to the
initial vertex v,,, which was initially colored 1. However, vertex v, ,,, which directly connects to v.,, is also
colored 1, which contradicts the conditions required for a valid vertex coloring. To resolve this issue, a third
color is necessary for the final vertex. Thus, vertex v, , is assigned color 3, implying )((Bcn,m) > 3. The
revised vertex coloring function is defined as c: V(Um,n) - {1,2,3}, assigning colors alternately to each vertex

along the ordered connected vertices as follows.

Ve, > Lo, » 2,011 > Ly 22,0132 Lvy > 2,015 2> Lvye2 2,0 2 3,

Ve, 2 LU, 2 2,051 2 LVy5 2 2,053 2 LUy, 22,055 2 Ly 2,005, 23,

Ve, @ LV, @ 2,031 2 L3y > 2,033 > Lvgy > 2,035 > Lvge— 2,...,03, > 3,
Ve, > L, 2 2,01 2 LUz 2 2,03 2 Lma 2 2,05 2 Lvpe = 2,0, Uy = 3.

This coloring is valid as it satisfies the vertex-coloring rules of the graph, ensuring each vertex is
adjacent only to vertices of different colors. The coloring function clearly demonstrates that three colors suffice
for this graph, thus establishing x(B¢, ) < 3. Consequently, we have proven that (B¢, ») = 3 when is odd.

Based on these two cases, we conclude:

_(2,ifnis even,
)((Bcn,m) - { 3,if n is odd.

This completes the proof.

4. CONCLUSION
In this study, we have determined the chromatic number of the cycle books graph B, ,. Our findings

establish that the chromatic number depends on the parity of n. Specifically, we have proven that:
e Ifniseven, the chromatic number x (B¢, m) is 2.
e Ifnisodd, the chromatic number y(Bc, ) is 3.

These results provide a clear characterization of the chromatic number for cycle books graphs,
contributing to the broader understanding of graph coloring in structured graph families. Future work may
explore generalizations to other book-like graphs or variations involving additional constraints.
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